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Simplification

* Goal
o Minimize the cost of realizing a switching function

e Cost measures and other considerations
° Number of gates

(¢]

Number of levels

(¢]

Gate fan in and/or fan out

(¢]

Interconnection complexity

(¢]

Preventing hazards

* Two-level realizations
° Minimize the number of gates (terms in switching function)

o Minimize the fan in (literals in switching function)
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* Quine-McCluskey




Quine-McCluskey




* A tabular approach to boolean function minimization
* Advantages over K-maps

ad
° Can be computerized

Quine-McCluskey (Q-M)
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o Can handle functions of more than six variables
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Quine-McCluskey: Overview

* Input: the minterms of a function

* Find all prime implicants (steps 1 and 2)
o Partition minterms into groups according to the number of 1’s

o Exhaustively search for prime implicants

* Find @ minimum prime implicant cover (steps 3 and 4)
o Construct a prime implicant chart

o Select the minimum number of prime implicants
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Quine-McCluskey: Sample

* Find the MSOP of the function
f(A,B,C,D) = >m(2,4,6,8,9,10,12,13,15)

AB A
CD 00 o1 ~ 11 10
[e) i 12 S
00 1 1 1
T 3 13 (S) M
Ol 1 1
g 3 7 15 11 - D
11 1
C < > S 1a 10 -
10 1 1 1

@ <
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Stepl: List of Minterms

f(A,B,C,D) = >m(2,4,6,8,9,10,12,13,15)

Minterms ABCD

2 0010
4 0100
6 0110
3 1000
9 1001
10 1010
12 1100
13 1101
15 1111
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Stepl: Partitioning: One 1’s %"

* Partition minterms into groups with 1 1’s

Minterms ABCD Minterms ABCD comment

U2 0010 2 0010
4 0100 4 o100 | CGroup1(asingle1)
6 0110 8 1000
8 1000
9 1001
10 1010
12 1100
13 1101
15 1111
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Stepl: Partitioning: Two 1's %"

* Partition minterms into groups with 2 1’s

Minterms ABCD Minterms ABCD comment

U2 0010 2 0010

n 5100 4 0100 Group 1 (asingle 1)
(16 0110 8 1000

3 1000

9 1001
(o T1010 )

12 1100

13 1101

15 1111
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Stepl: Partitioning: Three 1's %"

* Partition minterms into groups with 3 1’s

Minterms ABCD Minterms ABCD comment

U2 0010 2 0010

4 0100 4 o100 | Group 1 (asingle 1)
(16 0110 8 1000

8 1000 6 0110

= — ° 1001 Group 2 (two 1’s)
o T1010 ) |10 1010

12 1100 12 1100

13 1101

15 1111
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Stepl: Partitioning: Four 1's &~

* Partition minterms into groups with 4 1’s

Minterms ABCD Minterms ABCD comment

U2 0010 2 0010

4 0100 4 o100 | Group 1 (asingle 1)
(16 0110 8 1000

8 1000 6 0110

= = > 1001 Group 2 (two 1’s)
o T1010 ) |10 1010

12 1100 12 1100

13 1101 13 1101 | Group 3 (three 1s)

15 1111
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Stepl: Partitioning: DONE &
*DONE ©
Minterms ABCD Minterms ABCD comment
2 0010 2 0010
n 0100 4 0100 Group 1 (asingle 1)
16 0110 8 1000
3 1000 6 0110
9 1001 9 1001 Group 2 (two 1's)
| 10 1010 I 10 1010
12 1100 12 1100
13 1101 13 1101 | Group 3 (three 1’s)
15 1111 15 1111 | Group 4 (four 1’s)
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Generate Prime Implicants

* Consider one group with its neighbor group

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010
(11’s) 4 0100
8 1000
6 0110
(2 1s) 9 1001
10 1010
12 1100
(3 1’s) 13 1101
(4 1’s) 15 1111
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Step2: s 17
Group 1 with Group 2

*m, of group 1
° mg of group 2

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10 O
(11’s) 4 0100
8 1000 v/
6 0110
0 1 9 1001
10 1010
12 1100
(3 1's) 13 1101
(4 1%s) 15 1111
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Group 1 with Group 2

*m, of group 1
° mg of group 2

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10

(11’s) 4 0100 m
8 1000 -
6 0110

(2 15) 9 1001 X
10 1010
12 1100

(3 1’s) 13 1101

(4 1’s) 15 1111
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Step2: s 17
Group 1 with Group 2

*m, of group 1
° myg of group 2

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10 O
(11’s) 4 0100 2,10 -010
8 1000 v/
6 0110
2 1%) 9 1001
10 1010
12 1100
(3 1’s) 13 1101
(4 1's) 15 1111
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Step2: s 17
Group 1 with Group 2

*m, of group 1
° m4q, of group 2

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10
(11’s) 4 0100 210 | -010 Q
8 1000
6 0110 )(
2 1%) 9 1001
10 1010
12 1100
(3 1’s) 13 1101
(4 1) 15 1111
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Group 1 with Group 2
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* m, of group 1
° mg of group 2

Minterms ABCD

2 0010

11s) |4 0100 |
8 1000

s 0110 |
(2 1) 9 1001
10 1010
12 1100
(3 1’s) 13 1101
(4 1’s) 15 1111

Prime Implicants

2,6 0-10 O
2,10 -010
4,6 01-0 /
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Step2: s 17
Group 1 with Group 2

* m, of group 1
° mg of group 2

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10
(11's) | 4 0100 | 2,10 | -010 Q
8 1000 4,6 01-0
6 0110 )(
0 1) 9 1001
10 1010
12 1100
(3 1’s) 13 1101
(4 1's) 15 1111
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Step2: s 17
Group 1 with Group 2

* m, of group 1
° myg of group 2

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10
(11's) | 4 0100 | 2,10 | -010 Q
8 1000 4,6 01-0
6 0110 )(
0 1) 9 1001
10 1010
12 1100
(3 1’s) 13 1101
(4 1's) 15 1111
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Step2: s 17
Group 1 with Group 2

* m, of group 1
° m, of group 2

Minterms ABCD

Prime Implicants

Minterms ABCD

2 0010 26 | 0-10 O
ars (4 0100 | 210 | -010
3 1000 4.6 01-0 /
6 0110 412 | -100
o 12 1001
10 1010
12 1100
31s) |13 1101
(415 |15 1111
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Step2: s 17
Group 1 with Group 2

* mg of group 1
° mg of group 2

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 26 | 0-10
(11s) |4 0100 2,10 | -010 Q
8 1000 4,6 01-0
T o0 ||| 412 | -100 X
- 9 1001
10 1010
12 1100
(3 1) 13 1101
(4 1's) 15 1111




-k

Step2: s 17
Group 1 with Group 2

* mg of group 1
° mg of group 2

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10 O
(11's) 4 0100 2,10 | -010
E 1000 | 4,6 01-0 /
6 0110 412 | -100
2 vs) 9 1001 8,9 100-
10 1010
12 1100
(3 1%s) 13 1101
(4 1's) 15 1111
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Step2: s 17
Group 1 with Group 2

* mg of group 1
° myg of group 2

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10 O
(11’s) 4 0100 2,10 -010
E 1000 | 4,6 01-0 /
6 0110 4,12 | -100
2 1%) 9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100
(3 1’s) 13 1101
(4 1's) 15 1111




-k

Step2: s 17
Group 1 with Group 2

* mg of group 1
° m, of group 2

Minterms ABCD

Prime Implicants

Minterms ABCD

2 0010 26 | 0-10 O
(11's) 4 0100 210 | -010
l 3 1000 l 4.6 01-0 /
6 0110 412 | -100
0 1 9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 | 1-00
(3 1's) 13 1101
(4 1) 15 1111
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Step2: s 17
Group 2 with Group 3

* m¢ of group 2
° mjy3 of group 3

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10
(1 1’s) 4 0100 2,10 -010 Q
8 1000 4,6 01-0
(6 om0 | ) 412 | -100 X
2 vs) 9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 | 1-00
(3 1's) 13 1101
(4 1’s) 15 1111
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Step2: s 17
Group 2 with Group 3

* my of group 2
° mjy3 of group 3

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10 O
(1 1’s) 4 0100 2,10 -010
8 1000 4,6 01-0 /
6 0110 412 | -100
2 vs) 9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 | 1-00
(31’s) 13 1101 9,13 1-01
(4 1’s) 15 1111
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Step2: s 17
Group 2 with Group 3

* m,, of group 2
° mjy3 of group 3

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10
(1 1’s) 4 0100 2,10 -010 Q
8 1000 4,6 01-0
6 0110 4,12 | -100 )(
0 1) 9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 1-00
(31’s) 13 1101 9,13 1-01
(4 1's) 15 1111
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Step2: s 17
Group 2 with Group 3

* m,, of group 2
° mjy3 of group 3

Prime Implicants

Minterms ABCD Minterms ABCD

2 0010 2,6 0-10 O
(11's) 4 0100 2,10 | -010
8 1000 4,6 01-0 /
6 0110 412 | -100
(2 1) 9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 1-00
(3 1) 13 1101 9,13 | 1-01
(4 1’s) 15 1111 12,13 | 110-
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Group 3 with Group 4
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* my5 of group 3
° mys of group 4

Minterms ABCD

Prime Implicants

2 0010
4 0100
8 1000
6 0110
9 1001
10 1010
12 1100
z1s) (|13 1101
ars) [[15 1111 | |

2,6 0-10
2,10 -010
4,6 01-0
4,12 -100
8,9 100-
8,10 10-0
8,12 1-00
9,13 1-01
12,13 110-
13,15 11-1
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Partitioning in New Groups
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Minterms ABCD

Prime Implicants

2 0010
4 0100
8 1000
6 0110
9 1001
10 1010
12 1100
13 1101
15 1111

26 | 0-10
210 | -010
4,6 01-0
4,12 | -100
8,9 100-
8,10 | 10-0
8,12 | 1-00
913 | 1-01
12,13 | 110-
13,15 | 11-1

(11's)

(3 1’s)
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Partitioning in New Groups
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*(2,6) of group 1

Prime Implicants

&
2 0010 2,6 0-10
4 0100 210 | 010 X
8 1000 4,6 01-0
6 0110 412 | -100 | (11%)
9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 | 1-00
13 1101 9,13 | 1-01
15 1111 12,13 | 110-

= 13,15

11-1 (3 1’s)
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Partitioning in New Groups
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*(2,6) of group 1

Minterms ABCD

Prime Implicants

@

2 0010 2,6 0-10

4 0100 210 | 010 X

8 1000 4,6 01-0

6 0110 412 | -100 | (11%)

9 1001 8,9 100-

10 1010 8,10 | 10-0

12 1100 8,12 | 1-00

13 1101 913 | 1-01

15 1111 12.13 | 110-
13,15 | 11-1 T

(3 1’s)
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Partitioning in New Groups
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*(2,10) of group 1

Prime Implicants

&

2 0010 2,6 0-10

4 0100 (T 210 |-010]] X

8 1000 4,6 01-0

6 0110 412 | -100 | (11%)

9 1001 8,9 100-

10 1010 8,10 | 10-0

12 1100 8,12 | 1-00

13 1101 9,13 | 1-01

15 1111 12,13 | 110-
T 13,15 | 1141 W
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Partitioning in New Groups
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*(2,10) of group 1

Prime Implicants

@

(11's)

2 0010 2,6 0-10

4 0100 (T 210 |-010]] X

8 1000 4,6 01-0

6 0110 4,12 | -100

9 1001 8,9 100-

10 1010 8,10 | 10-0

12 1100 8,12 | 1-00

13 1101 9,13 | 1-01

15 1111 12,13 | 110-
e 13,15 | 111

(3 1’s)
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Partitioning in New Groups
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*(4,6) of group 1

Prime Implicants

&
2 0010 2,6 0-10

4 0100 210 | 010 X
8 1000 4,6 01-0

6 0110 412 | -100 | (11%)
9 1001 8,9 100-

10 1010 8,10 | 10-0

12 1100 812 | 1-00

13 1101 9,13 | 1-01

15 1111 1213 | 110-

T 13,15 | 1141 W
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Partitioning in New Groups
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*(4,6) of group 1

Prime Implicants

L
X

2 0010 2,6 0-10
4 0100 2,10 -010
8 1000 4,6 01-0
6 0110 412 | -100
9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 | 1-00
13 1101 9,13 | 1-01
15 1111 12,13 | 110-
e 13,15 | 1141

(11's)

(3 1’s)
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Partitioning in New Groups
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*(4,12) of group 1

Prime Implicants

@
2 0010 26 | 0-10

4 0100 210 | 010 X
8 1000 4,6 01-0

6 0110 412 | -100 | [11)
9 1001 8,9 100-

10 1010 8,10 | 10-0

12 1100 812 | 1-00

13 1101 9,13 | 1-01

15 1111 1213 | 110-

T 13,15 | 1141 W
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Partitioning in New Groups
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*(4,12) of group 1

Prime Implicants

2 0010 2,6 0-10
4 0100 2,10 -010
8 1000 4,6 01-0
6 0110 412 | -100
9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 | 1-00
13 1101 9,13 | 1-01
15 1111 12,13 | 110-
e 13,15 | 1141

(3 1’s)
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Partitioning in New Groups
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*(8,9) of group 1

Prime Implicants

&
2 0010 2,6 0-10

4 0100 210 | 010 X
8 1000 4,6 01-0

6 0110 412 | -100 | (11%)
9 1001 8,9 100-

10 1010 8,10 | 10-0

12 1100 812 | 1-00

13 1101 9,13 | 1-01

15 1111 1213 | 110-

T 13,15 | 1141 W
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Partitioning in New Groups %"

*(8,9) of group 1

Prime Implicants

®

2 0010 2,6 0-10 8,9,12,13| 1-0-

4 0100 210 | 010 /

8 1000 4,6 01-0

6 0110 4,12 | -100 | (11%)

9 1001 8,9 100-

10 1010 8,10 | 10-0

12 1100 8,12 | 1-00

L2 Lol 9,13 | 1-01

15 1111 12,13_| 110-
| 185 111 PR =
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Step?2: ﬂ}
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Partitioning in New Groups %"

* (8,10) of group 1

Prime Implicants

&

2 0010 2,6 0-10 8,9,12,13| 1-0-
4 0100 210 | 010 X

8 1000 4,6 01-0

6 0110 4,12 | -100 | (11’s)

9 1001 8,9 100-

10 1010 8,10 | 10-0

12 1100 8,12 | 1-00

L2 Lol 9,13 | 1-01

15 1111 1213 | 110-

T 13,15 | 1141 W -




ad

Step?2: ﬂ}
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Partitioning in New Groups %"

* (8,10) of group 1

Prime Implicants

&

2 0010 2,6 0-10 8,9,12,13| 1-0-
4 0100 210 | 010 X

8 1000 4,6 01-0

6 0110 412 | -100 | (11%)

9 1001 8,9 100-

10 1010 8,10 | 10-0

12 1100 8,12 | 1-00

L2 Lol 913 | 1-01

- 1111 12.13 | 110-

e 13,15 | 11-1 NGO =
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Partitioning in New Groups "
*(8,12) of group 1
) Prime Implicants
®
2 0010 2,6 0-10 8,9,12,13| 1-0-
4 0100 2,10 -010 \/ 8,12,9,13
8 1000 4,6 01-0
6 0110 412 | -100 | (11%)
9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8.12 1-00 ]
13 1101 9,13 1-01
15 1111 1213 | 110- |
e 13,15 =
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Partitioning in New Groups "
*(8,12) of group 1
) Prime Implicants
&
2 0010 2,6 0-10 8,9,12,13| 1-0-
4 0100 210 | 010 X
8 1000 4,6 01-0
6 0110 412 | -100 | (11%)
9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 | 8,12 1-00
13 1101 913 1-01
15 1111 12.13 | 110-
e 13,15 | 11-1 W
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Partitioning in New Groups %"

° (13,15) of group 3 Prime Implicants

&
2 0010 2,6 0-10 8,9,12,13| 1-0-
4 0100 210 | 010 X
8 1000 4,6 01-0
6 0110 412 | -100 | (11%)
9 1001 8,9 100-
10 1010 8,10 10-0
12 1100 8,12 | 1-00
L2 Lol 9,13 | 1-01
12 1111 12,13 | 110-
13,15 | 11-1 [J5Te) -
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Partitioning in New Groups %"

° (13,15) of group 3 Prime Implicants

%

2 0010 2,6 0-10 8,9,12,13| 1-0-
4 0100 210 | 010 X

8 1000 4,6 01-0

6 0110 412 | -100 | (11%)

9 1001 8,9 100-

10 1010 8,10 10-0

12 1100 8,12 | 1-00

L2 Lol 913 | 1-01

- 1111 12.13 | 110-

BB EEEER o =




Step 2: Prime Implicant Cover

Pl,

Minterms ABCD

Prime Implicants

2 0010 2,6 0-10
4 0100 2,10 -010
8 1000 4,6 01-0
6 0110 412 | -100
9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 | 1-00
13 1101 913 1-01
15 1111 12,13 | 110-

13,15 | 11-1

(11's)

(31's)

Prime Implicants

8,9,12,13

1-0-

Pl




Step 2: Prime Implicant Cover
Pl, (cont’d)
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Prime Implicants

2 0010 2,6 0-10
4 0100 2,10 -010
8 1000 4,6 01-0
6 0110 412 | -100
9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 | 1-00
13 1101 9,13 1-01
15 1111 12,13 110-

13,15 | 11-1

(11's)

(31's)

Prime Implicants

8,9,12,13

1'0' P|1




Step 2: Prime Implicant Cover
Pl, (cont’d)

e

u/'eé/:

IUST

Minterms ABCD

Prime Implicants

2 0010 2,6 0-10
4 0100 2,10 -010
8 1000 4,6 01-0
6 0110 412 | -100
9 1001 8,9 100-
10 1010 8,10 | 10-0
12 1100 8,12 | 1-00
13 1101 9.13 1-01
15 1111 12,13 110-

13,15 | 11-1

(11's)

(31's)

Prime Implicants

8,9,12,13

1'0' P|1




Step 2: Prime Implicant Cover ﬂ}

u/eé/:
Pl
Prime Implicants Prime Implicants

2 0010 2,6 0-10 |Pl, 8,9,12,13| 1-0-| P,
4 0100 2,10 | -010
8 1000 | + 4,6 01-0
6 0110 4,12 | -100 (11's)
9 1001 | 8,9 100- | v
10 1010 8,10 10-0
12 1100 | V 8,12 | 1-00 |
13 1101 | 913 | 1-01 |
15 1111 1213 | 110- |

13,15 | 11-1 (3 1)




Step 2: Prime Implicant Cover ﬂ}

u/'eé/:
Pl, (cont’d)
Prime Implicants Prime Implicants

2 0010 | 2,6 0-10 |Pl, 8,9,12,13| 1-0-| P,
4 0100 2,10 | -010
8 1000 | + 4,6 01-0
6 0110 | « 412 | -100 (11%)
9 1001 | 8,9 100- | v
10 1010 8,10 | 10-0
12 1100 | V 8,12 | 1-00 |
13 1101 | 913 | 1-01 |
15 1111 1213 | 110- |

13,15 11-1 (3 1)




Step 2: Prime Implicant Cover ﬂ}

u/eé/:
P,
Prime Implicants Prime Implicants

2 0010 | 2,6 0-10 |Pl, 8,9,12,13| 1-0-| P,
4 0100 2,10 | -010 |p,
8 1000 | + 4,6 01-0
6 0110 | « 4,12 | -100 (11's)
9 1001 | 8,9 100- | v
10 1010 8,10 10-0
12 1100 | 8,12 | 1-00 | v
13 1101 | 913 | 1-01 |
15 1111 1213 | 110- |

13,15 11-1 (3 1)




Step 2: Prime Implicant Cover ﬂ}

u/'eé/:
Pl, (cont’d)
Prime Implicants Prime Implicants

2 0010 | 2,6 0-10 |Pl, 8,9,12,13| 1-0-| P,
4 0100 2,10 -010 Pl,
8 1000 | + 4,6 01-0
6 0110 | « 412 | -100 (11%)
9 1001 | 8,9 100- | v
10 1010 | V 8,10 | 10-0
12 1100 | V 8,12 | 1-00 |
13 1101 | V 9,13 | 1-01 | V
15 1111 12,13 | 110- | V

13,15 11-1 (3 1)




Step 2: Prime Implicant Cover ﬂ}

u/eé/:
Pl,
Prime Implicants Prime Implicants

2 0010 | 2,6 0-10 |Pl, 8,9,12,13| 1-0-| P,
4 0100 2,10 -010 Pl,
8 1000 | 4,6 01-0 |pI,
6 0110 | « 4,12 | -100 (11's)
9 1001 | 8,9 100- | v
10 1010 | 8,10 | 10-0
12 1100 | V 8,12 | 1-00 |
13 1101 | V 9,13 | 1-01 | V
15 1111 1213 | 110- |

13,15 11-1 (3 1)




Step 2: Prime Implicant Cover ﬂ}

u/’té/:
Pl, (cont’d)
Prime Implicants Prime Implicants

2 0010 | 2,6 0-10 |Pl, 8,9,12,13| 1-0-| P,
4 0100 | 2,10 -010 Pl,
8 1000 | 4,6 01-0 |pI,
6 0110 | « 412 | -100 (11%)
9 1001 | 8,9 100- | v
10 1010 | V 8,10 | 10-0
12 1100 | 8,12 | 1-00 | v
13 1101 | 913 | 1-01 |
15 1111 1213 | 110- |

13,15 11-1 (3 1)




Step 2: Prime Implicant Cover ﬂ}

u/'eé/:
P,
Prime Implicants Prime Implicants

2 0010 | 2,6 0-10 |Pl, 8,9,12,13| 1-0-| P,
4 0100 | 2,10 -010 Pl,
8 1000 | 4,6 01-0 |pI,
6 0110 | « 412 | -100 |Pls| (11’s)
9 1001 | 8,9 100- | v
10 1010 | 8,10 | 10-0
12 1100 | 8,12 | 1-00 |
13 1101 | 913 | 1-01 |
15 1111 1213 | 110- |

13,15 11-1 (3 1)




Step 2: Prime Implicant Cover ﬂ}

u/'eé/:
P,
Prime Implicants Prime Implicants

2 0010 | 2,6 0-10 |Pl, 8,9,12,13| 1-0-| P,
4 0100 | 2,10 -010 Pl,
8 1000 | 4,6 01-0 |pI,
6 0110 | « 412 | -100 |Pls| (11’s)
9 1001 | 8,9 100- | v
10 1010 | 8,10 | 10-0 |Pls
12 1100 | 8,12 | 1-00 |
13 1101 | 913 | 1-01 |
15 1111 1213 | 110- |

13,15 11-1 (3 1)




Step 2: Prime Implicant Cover ﬂ}

u/'eé/:
Pl
Prime Implicants Prime Implicants

2 0010 | 2,6 0-10 |Pl, 8,9,12,13| 1-0-| P,
4 0100 | 2,10 -010 Pl,
8 1000 | 4,6 01-0 |pI,
6 0110 | « 412 | -100 |[Pls| (11’s)
9 1001 | 8,9 100- | v
10 1010 | 8,10 | 10-0 |Pls
12 1100 | 8,12 | 1-00 | v
13 1101 | 913 | 1-01 |
15 1111 1213 | 110- |

13,15 | 11-1 |Ply (3 1




Step 2: Prime Implicant Cover ﬂ}

u/’té/:
Pl (cont’d)
Prime Implicants Prime Implicants

2 0010 | 2,6 0-10 |Pl, 8,9,12,13| 1-0-| P,
4 0100 | 2,10 -010 Pl,
8 1000 | 4,6 01-0 |pI,
6 0110 | + 4,12 | -100 |Pls (11%)
9 1001 | 8,9 100- | v
10 1010 | 8,10 | 10-0 |Pls
12 1100 | V 8,12 | 1-00 |
13 1101 | V 913 | 1-01 | <
15 1111 | 12,13 | 110- | V

13,15 | 11-1 |Ply (3 1
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Step3 e

* Goal: Find minimum Coverage

*Pl,:8,9,12,13
°Pl,:2,6

*Pl;: 2,10
*Pl,:4,6

*Pl;: 4,12
*Plg: 8,10
*Pl,:13,15
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Step3 e
* Construct a prime implicant chart
*Pl;:8,912,13

°Pl,:2,6
"Pli210 PR
“Ply: 4,6 2 4 6 8 9 10 12 13 15
“ Pl : 4,12 I,
« Pl : 8,10 o
*Pl,: 13,15 -

Pl,

PL,

Pl.

Pl

Pl,
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Step3 e
* Construct a prime implicant chart
*Pl;:8,912,13

°Pl,:2,6
-Ps:210 | O I I N O R N
“Pl,:4,6 2 4 6 8 9 10 12 13 15
'P|5:4,12 P|1 X X X X
* Pl : 8,10 o
* Pl,: 13,15 ?

Pl;

Pl,

Pls

Pl

P,
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Step3 e
* Construct a prime implicant chart
*Pl;:8,912,13

°Pl,:2,6
-Ps:210 | O I I N O R N
“Pl,:4,6 2 4 6 8 9 10 12 13 15
'P|5:4,12 P|1 X X X X
* Pl : 8,10 ol §
* Pl,: 13,15 ?

Pl;

Pl,

Pls

Pl

P,
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Step3 e
* Construct a prime implicant chart
*Pl;:8,912,13

°Pl,:2,6
koo,
*Pl,:4,6 2 4 6 8 9 10 12 13 15
'P|5:4,12 P|1 X X X X
* Pl : 8,10 . §
* Pl,: 13,15 ?

P|3 X X

Ply4

Pls

Plg

Pl
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Step3 e
* Construct a prime implicant chart
*Pl;:8,912,13

°Pl,:2,6
-Pi:210 | N I N
*Pl,:4,6 2 4 6 8 9 10 12 13 15
® P|5 . 4,12 P|1 X X X X
°Plg: 8,10 Pl x "
* Pl,: 13,15 ?

P|3 X X

P|4 X X

Pls

Pls

Pl;
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Step3 e
* Construct a prime implicant chart
*Pl;:8,912,13

°Pl,:2,6
-Pi:210 | N I N
*Pl,:4,6 2 4 6 8 9 10 12 13 15
® P|5 . 4,12 P|1 X X X X
°Plg: 8,10 Pl x "
* Pl,: 13,15 ?

P|3 X X

P|4 X X

Pls X X

Pls

Pl;
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Step3 e
* Construct a prime implicant chart
*Pl;:8,912,13

°Pl,:2,6
*Pi:2,10 | I N N O A
*Pl, : 4,6 2 4 6 8 9 10 12 13 15
® P|5 . 4,12 P|1 X X X X
* Pl : 8,10 = s
* Pl,: 13,15 ?

P|3 X X

P|4 X X

Pls X X

PIG X X

Pl;
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Step3 e
* Construct a prime implicant chart
*Pl;:8,912,13

°Pl,:2,6
*Pi:2,10 | I N N O A
*Pl, : 4,6 2 4 6 8 9 10 12 13 15
® P|5 . 4,12 P|1 X X X X
* Pl : 8,10 = s
* Pl,: 13,15 ?

P|3 X X

P|4 X X

Pl x X

PIG X X

Pl x X
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Ste p 3 T

* Find the essential prime implicant
*Pl,:8,9,12,13

°Pl,:2,6
-Pis:210 | N I I A I N
°Pl,:4,6 2 4 6 8 9 10 12 13 15
* Pls : 4,12 Pl, X @ X X
* Plg: 8,10 Pl x "
* Pl,: 13,15 ?

P|3 X X

P|4 X X

Pls x X

PIG X X

Pl; X X
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u}“wuﬁﬁ%
Ste p 3 T

* Find the essential prime implicant
*Pl,:8,9,12,13

°Pl,:2,6
-Pi:210 | N I N
*Pl,:4,6 2 4 6 8 9 10 12 13 15
® P|5 . 4,12 P|1 X @ X X
°Plg: 8,10 Pl x "
* Pl,: 13,15 ?

P|3 X X

P|4 X X

Pls X X

PIG X X

Pl; X @
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Ste p 3 T

* Find the essential prime implicant
*Pl,:8,9,12,13

°Pl,:2,6
-Pi:210 | N I N
*Pl,:4,6 2 4 6 8 9 10 12 13 15
® P|5 . 4,12 . P|1 X @ X X
°Plg: 8,10 Pl x "
* Pl,: 13,15 ?

P|3 X X

P|4 X X

Pls X X

PIG X X

Pl; X @
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u}“wuﬁﬁ%
Ste p 3 T

* Find the essential prime implicant
*Pl,:8,9,12,13

°Pl,:2,6
-Pi:210 | I I Y I
*Pl,:4,6 2 4 6 8 9 10 12 13 15
® P|5 . 4,12 P|1 X @ X X
°Plg: 8,10 Pl x "
* Pl,: 13,15 ?

P|3 X X

P|4 X X

Pls X X

PIG X X

Pl; X @
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Step3 e
* Find the essential prime implicant
*Pl,:8,9,12,13

°Pl,:2,6
-Pi:210 | I I Y I
*Pl,:4,6 2 4 6 8 9 10 12 13 15
® P|5 . 4,12 . P|1 X @ X X
°Plg: 8,10 Pl x "
* Pl,: 13,15 ?

P|3 X X

P|4 X X

Pls X X

PIG X X

= Pl x (%)




-k

u}“wuﬁﬁ%
Step3 e
* Find the essential prime implicant
*Pl,:8,9,12,13

°Pl,:2,6
-Pi:220 | I I O N N
*Pl,:4,6 2 4 6 8 9 10 12 13 15
® P|5 . 4,12 . P|1 X @ X X
°Plg: 8,10 Pl x "
* Pl,: 13,15 ?

P|3 X X

P|4 X X

Pls X X

PIG X X

= Pl x (%)
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Step4 —a

e Select the minimum number of prime implicants

*Pl,:2,6
°Pl;: 2,10
*Pl,:4,6
Plia12
*Plg: 8,10 2 4 6 10
Pl
Pl;
Pl,
Pl
Plg
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Step4 —a

e Select the minimum number of prime implicants

*Pl,:2,6
°Pl;:2,10
*Pl,:4,6
* Pl : 8,10 2 4 6 10
Pl X X
Pl;
Pl,
Pls
Plg
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u'/i./ﬁ%/v
Step4 —a

e Select the minimum number of prime implicants

*Pl,:2,6
°Pl;:2,10
*Pl,:4,6
P12
* Pl : 8,10 2 4 6 10
Pl, X X
Pl x X
Pl
Pls
Plg
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u'/i./ﬁ%/v
Step4 —a

e Select the minimum number of prime implicants

*Pl,:2,6
°Pl;:2,10
*Pl,:4,6
P12
* Pl : 8,10 2 4 6 10
Pl, X X
Pl x X
Pl, X X
Pls
Plg
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u'/i./ﬁ%/v
Step4 —a

e Select the minimum number of prime implicants

*Pl,:2,6

°Pl;:2,10

*Pl,:4,6

* Pl : 8,10 2 4 6 10
Pl, X X
Pl x X
Pl, X X
Pls x
Plg
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u'/i./ﬁ%/v
Step4 —a

e Select the minimum number of prime implicants

*Pl,:2,6

°Pl;:2,10

*Pl,:4,6

* Pl : 8,10 2 4 6 10
Pl, X X
Pl x X
Pl, X X
Pls x
Plg X
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Step4 —a

e Select the minimum number of prime implicants

*Pl,:2,6
°Pl;:2,10
*Pl,:4,6
* Pl : 8,10 2 4 6 10
Pl, X X
* Ply x X
Pl, X X
Pls x
Plg X
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Step4 —a

e Select the minimum number of prime implicants

*Pl,:2,6
°Pl;:2,10
*Pl,:4,6
* Pl : 8,10 2 4 6 10
Pl, X X
* Ply x X
Pl, X X
Pls x
Plg X
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Step4 —a

e Select the minimum number of prime implicants

*Pl,:2,6
°Pl;:2,10
*Pl,:4,6
* Pl : 8,10 2 4 6 10
Pl, X X
* Ply x X
* Ply X X
Pls x
Plg X
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Step4 —a

e Select the minimum number of prime implicants

*Pl,:2,6
°Pl;:2,10
*Pl,:4,6
* Pl : 8,10 2 4 6 10
Pl, X X
* Ply x X
* Ply X X
Pls x
Plg X
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st
Ste p4 ST

* Optimized form

f(A,B,C,D) = Ply + Plg + Pl, + Py
= 1-0- + <010 + 01-0 + 11-1

= AC + BCD + ABD + ABD
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How the Q-M Results Look on ﬂ}

a K-map?

0 _/a{té/

C<

AB A
01 11 10

7 ) g
00 U T [ 1

3 T3 9
01 ol

7 15 11
i U

6 12 10 ‘
10 ] m aft

U <
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Covering Procedure

* Goal
o Essential implicants

o Minimum number of prime implicants
I
2 4 6 8 9 10 12 13 15
« Pl x (%) x X

Pl, x X

P|3 X X

P|4 X X

Pls X X
PIG X X

= Pl x (%)
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Covering Procedure: Step 1

* |dentify any minterms covered by only one PI

e Select these Pls for the cover

V[ VvV |
o1 1516|1789 |10(11|13|14]15
** PL, ® | x x | x
PI, x | x X X
PIL, X X X X
PI, x | x | x | x
PI; X X | x X
PI, x | x x | x
** PL, ® | x x | x
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Covering Procedure: Step 2 &
* Remove rows covered by the Pls identified in step 1
* Remove minterms covered by the removed rows
N VAN VY N s11ol11113
ol1|s5]6|7 |89 |10[11]13]14]15
P, X X
* % Pl ® | x X X
PI X X
PL, x | x X X 3
PI, X X X X PI4 X X
PI, x | x | x | x PIS X | x
PI X X X X PI6 X X
PI, X X X X
** PL, ® | x X X




Covering Procedure: Step 2: ﬁ}

u‘/.waﬁ(é%
n i & T

Rules T

° Rule 1

o Arow that is covered by another row may be eliminated from the chart.
> Row Pl; and Plg may be eliminated.

* Rule 2
> A column that covers another column may be eliminated.

> Columns 11 and 13 can be eliminated 511011113
PL, | x X
PI, X X
PI, X | X
PI, X | X
PI, X | X
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Covering Procedure: Step 3 &
* If a cyclic chart results from step 2, go to step 5.
* Otherwise, apply the reduction procedure of steps 1 and 2.
* Cyclic chart
o Contains essential Pl
o Cannot reduced by rules 1 and 2
! ! 2141(5]|6 \ VA
123456
2 516
*PI, | x x PL, 1~
P1, x | x PI, X X *PL, | x X
PIS X X PI4 X X PI4 X
Pl - - PI, x | x *PL X
PI, X X
— PI6 X —
PI, X X
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Covering Procedure: Step 4-5"

*Step 4
° If a cyclic chart results from step 3, go to step 5.
o Otherwise return to step 1.
*Step 5
o Apply the cyclic chart procedure.
o Repeat step 5 until a void chart or noncyclic chart is produced.

° In the latter case, return to step 1.
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Sample 1 "

* f(A,B,C,D) = 2m(0,1,5,6,7,8,9,10,11,13,14,15)




Samplel: Partitioning

-k

c&tk”%ﬁ%«%
Iran i & T

IUST

* f(A,B,C,D) = ¥m(0,1,5,6,7,8,9,10,11,13,14,15)

o oo U1 0o —~ O

0000
0001
1000
0101
0110
1001
1010

0111
1011
1101
1110

Group O ( No 1)
Group 1 (asingle 1)

Group 2 (two 1's)

Group 3 (three 1’s)



o oo Uu1 0o +—» O

11
13
14
== 15

Samplel: Prime Implicant

iT‘:}

c&t>/W5KL%
i T

IUST

0000
0001
1000
0101
0110
1001
1010
0111
1011
1101
1110
1111

(0,1)
(1,5)
(1,9)
(9,8)
(8,10)
(5,7)
(5,13)
(6,7)
(9,11)
(10,11)
(10,14)
(7,15)
(11,15)
= (13,15)
(14,15)

000-
0-01
-001
100-
10-0
01-1
-101
011-
10-1
101-
1-10
-111
1-11
11-1
111-

(0,1,8,9)
(1,9,5,13)
(5,7,13,15)
(8,9,10,11)
(9,11,13,15)
(10,14,11,15)
(6,7,14,15)

-00-
--01
-1-1
10--
1--1
1-1-
-11-

Pl
PI,
Pl
Pl
Pl
Pl
Pl
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11
13
14
- 15

Samplel: Prime Implicant
(cont’d)

0

c&t>iwhﬁzé
Iran i &T

IUST

0000
0001
1000
0101
0110
1001
1010
0111
1011
1101
1110
1111

22 2 2 2L £

2 L 22 2

(0,1)
(1,5)
(1,9)
(9,8)
(8,10)
(5,7)
(5,13)
(6,7)
(9,11)
(10,11)
(10,14)
(7,15)
(11,15)
m (13,15)
(14,15)

000-
0-01
-001
100-
10-0
01-1
-101
011-
10-1
101-
1-10
-111
1-11
11-1
111-

o = 2 22 2 2 2 2 2 22 2 2 2

(0,1,8,9)
(1,9,5,13)
(5,7,13,15)
(8,9,10,11)
(9,11,13,15)
(10,14,11,15)
(6,7,14,15)

-00-
--01
-1-1
10--
1--1
1-1-
-11-

PI,
PI,
Pl
Pl
Pl
Pl
Pl
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Samplel: Minimum Coverage "

! \ V|
! o [10|11|13]14]15
* % P[, y -
PL, y - -
PI, - ><
PI, - -
PI, - —— ;
PI, — ——
%k ok PI7 - -
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Samplel: Minimum Coverage ﬁg_/

(cont’d)

S5110|11]13
PL, | x X N A
Pl [ x X 5|10
Pl, XX *PL, | x
PL x| x *PI, ><
PI, X | X

f(A,B,C,D) = Ply + Pl; + Pl + Pl4
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Q-M with Incompletely Specitied %
Functions or Don’t Cares

* Use minterms and don’t cares when generating prime implicants
* Use only minterms when finding a minimal cover
*Sample

f(A,B,C,D,E) = Ym(2,3,7,10,12,15,27) + d(5,18,19,21,23)
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Sample 2
f(A,B,C,D,E) = ¥m(2,3,7,10,12,15,27) + d(5,18,19,21,23)
2 00010 2,3 0001- v 2,3,18,19 -001- Pl
3 00011  + 210 0-010 Pl, 3,7,19,23 -0-11 P,
5 00101 218  -0010 + 57,2123 -01-1  PlI;
10 01010 3,7 00-11 v
12 01100 Pl; 319  -0011 N
18 10010 5,7 001-1 v
7 00111 521  -0101
19 10011 18,19  1001-  +
21 10101 7,15 0-111 Pl
15 01111 7,23  -0111 v
23 10111+ 19,23  10-11 4
27 11011 19,27 1-011 Pl
2123 1011 N T
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Sample 2(cont’d)

f(A,B,C,D,E) = Ym(2,3,7,10,12,15,27) + d(5,18,19,21,23)

0 S S
2 3 V4 10 12 15 27

P|1 X X

Pl; X 3
xxPl, X ® *4P| X
x5 P X ® Pl, X
*xPlg @

«x Pl ®
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Iran & T

Sample 2(cont’d)

f(A,B,C,D,E) = Pl; + Ply + Pls + Plg + Pl
f(A,B,C,D,E) =PI, + Ply + Pls + Plg + Pl
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Sample 3

f(a, b, ¢, d) =[] M(0,8,9,10,14,15) + d(2,6)




Sample 3 (cont’d)

f(a, b, ¢, d) =[] M(0,8,9,10,14,15) + d(2,6)

2

(8,9) 100 -
(14,15)

a’+b+c
111- -
(0,2,8,10) -0-0

u‘/“i.:wuf%M
Iran & T

y of
IUST

a+b'+c’

- b+d

f(a, b, c, d) = (a’+b+c) (a’+b’+c’) ( b+d)



Thank You i

=
32 zmo
—

Digital Logic Design: Optimization & K-map 110



